Abstract-In this correspondence, Nussbaum gains are introduced in the backstepping design to obtain adaptive controllers for systems with unknown high-frequency gain. Two kinds of modified backstepping control design schemes are developed. It is shown that both schemes can give asymptotic tracking.
I. INTRODUCTION
High-frequency gain plays an important role in the adaptive control design. It has been a common concern on how we can design an adaptive controller without the knowledge of the sign of the system high-frequency gain [1] , [2] . So far, some methods have been suggested to solve this problem [4] - [7] . One potential way is to use Nussbaum gains that usually take the forms of cos() or 2 cos(). This idea was first introduced in [3] to design an adaptive controller for first-order systems. Lately, in [4] , it was extended to treat high-order systems with relative degrees less than two. The difficulty involved in using Nussbaum gains is the need to set up a subsystem to properly relate the variable to some other signals of the system so that it is feasible to establish the boundedness of and finally the stability of the whole adaptive system. This difficulty is increased further for high-order systems with relative degree larger than two. In [5] , this problem was solved, but a complicated higher order subsystem was used to construct the Nussbaum gain. It is worth mentioning that all of these results were obtained for model reference adaptive controllers that are still based on the "certain equivalence" principle.
An alternative adaptive control design scheme is the backstepping technique proposed recently in [8] . This technique allows one to design adaptive controllers for a class of minimum phase linear systems with arbitrary relative degree. Because the adaptive law and the synthesis of the control law are carried out at the same time in the design procedure, the backstepping design technique provides a promising way to improve the transient performance of the adaptive systems. The sign of the high-frequency gain, however, has to be used in the control design of [8] . Because the structure of backstepping controller is totally different from that in [5] , the Nussbaum gain design scheme of [5] cannot be applied to the backstepping design. Thus, it is of interest to devise a method to remove the requirement on the sign of the high-frequency gain in the backstepping design. Also, it is desired that the subsystem introduced for this purpose should be of low order and have a simple form whenever possible, for the sake of better transient performance.
This correspondence presents two modified backstepping design schemes by using Nussbaum gains to relax the requirement on the sign of high-frequency gain. In the first scheme, an auxiliary signal is added to the system output tracking error to carry out the first step of the backstepping design. As a result, a second-order auxiliary subsystem has to be employed to construct the Nussbaum gain. This, though slightly, increases the order of the controller. In the second scheme, Manuscript received April 7, 1998 ; revised August 31, 1998, and February 12, 1999 . Recommended by Associated Editor, M. Krstic.
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0018-9286/00$10.00 © 2000 IEEE only the output tracking error is used in the first step as in [8] , but the regressor used for parameter estimation is properly augmented, and thus the order of the auxiliary subsystem is reduced to one. It is shown that the controllers designed by the two proposed schemes can achieve asymptotic tracking for minimum phase linear systems with unknown high-frequency gain and arbitrary relative degrees. Compared with the results in [3] - [5] , the controllers proposed in this paper employ lower order subsystems to construct the Nussbaum gain. Particularly in the second scheme, the system order reaches its minimum level.
II. PROBLEM FORMULATION 
The vector k in (15) is chosen such that the matrix A0 is strictly stable; i.e., all of the eigenvalues of A 0 have negative real parts.
In order to avoid using the sign of the high-frequency gain, we define z 1 = y 0 y r (19) zi = vm; i 0 y (i01) r 0 i01; i= 2; 3; 111; (20) where i01 is the virtual control at the ith step and will be determined in later discussions. In comparison with the coordinate transformation used in [8] , the estimate of b 01 m is no longer used here. To illustrate the backstepping procedures, the first two steps of the design are given in details as follows.
Step 1: For i = 2, it follows from (2), (19) , and (20) 
To obtain the virtual adaptive control laws for this step without using the sign of b m , we now introduce an auxiliary signal given by z 1 = z 1 +
where _ = 0 c 1 0 2 z 1
Then, we take the following virtual control law 1 and adaptive laŵ 1 for estimating 1:
where 0 1 is a positive matrix of R (n+2)2(n+2) and a Nussbaum gain N() is chosen as N() = cos(): 
From (27) and (28) 
if d1 jbmj=4.
Remark 3.2:
Note that constant d 1 is used here only for analysis purpose. It is no longer a control design parameter as used in [8] . Thus, such a constant satisfying d1 jbmj=4 always exists once the plant is given even if it is unknown. It should be mentioned that constants d i (i = 2; 3; 111; ), which appear later, are still control design parameters as in [8] .
Step 2: Now, we evaluate the dynamic of the second state z 2 . Differentiating both sides of (20) 
Noting that 1 is a function of 1 , y, , v i; 2 , and y r , it follows from the same analysis as in [8] 
Define the Lyapunov function for this step as
Using (30) 
We take the virtual control for this step as 
Step i (i = 3; 11 1; ): These steps are similar to those in [8] , which include defining Vi = Vi01 + (1=2)z 2 i + (1=4di) T P, taking 
We now prove the boundedness of . To do this, we consider the integration of both sides of (53) 
To show (58), we consider two cases. shown that (59) also holds for b m < 0. Therefore, the conclusion of the Lemma 1 is valid.
Taking C = 0f(0) + V(0) and using the result of Lemma 1, it is shown that (t) is bounded. Otherwise, it would result in a contradiction to (55) because its left side is always positive for all . With the boundedness of (t), it is straightforward to show from (55), (27), and (28) that zi (i = 2; 1 11; ),, , and z1 are bounded. From (32), _ z1 is bounded. Also, it follows from (28) that t 0 c1z 2
which implies z 1 2 L 2 . Therefore, it follows from Barbǎlat lemma that z 1 ! 0 as t ! 1. Using (26) and (25) , it follows that z 1 ! 0 as t ! 1. Finally, the stability of the whole system taking into account the zero dynamics can be established as in [8] because the system is minimum phase and thus the zero dynamics is stable. So far, we have obtained one backstepping design scheme with the Nussbaum gain chosen as (31). This scheme is now concisely presented in Table I . To conclude this section, the stability results presented above are summarized in the following theorem.
Theorem 1: Consider a minimum phase, linear, time-invariant system with known relative degree . The adaptive controller presented in Table I can make the output of the system asymptotically track an arbitrary signal with bounded derivatives of up to order , while all of the signals in the closed-loop system are bounded.
IV. BACKSTEPPING DESIGN WITHOUT AUXILIARY SIGNAL
It is noted from Table I that an augmented error z 1 is used to construct a Nussbaum gain. Thus, a second-order auxiliary subsystem given by (T1.2) and (T1.5) has to be employed. This section presents an alternative way to construct the Nussbaum gain so that the order of the auxiliary subsystem reduces to one.
As in (31) and (28), we construct the following Nussbaum gain in the first step of the backstepping design:
where the tracking error z 1 is directly used, instead of using the augmented error z1. Remark 4.1: Here, the tracking error z 1 is still used in the backstepping design as in [8] , but a term 2 z1 is added in the regressor !2 instead of the regressor ! 1 used in the first scheme. By this way, only a first-order subsystem (66) is involved in the construction of the Nussbaum gain. Thus, the order of the controller is reduced by one.
We define a Lyapunov function as in (33) 
On the other hand, it follows from (65) and (66) that By replacing z 1 in (39) with z 1 , it is noted that (77) has the same form as (39) . Thus, the remaining design steps and the stability analysis are exactly the same as those presented in the previous section by replacing z 1 with z 1 . The final controller and the stability results are, respectively, summarized in Table II and Theorem 2. Theorem 2: For a minimum phase, linear, time-invariant system with known relative degree , the adaptive controller presented in Table II can ensure that the output of the system asymptotically tracks an arbitrary signal with bounded derivatives of up to order and all of the signals in the closed-loop system are bounded.
V. CONCLUSION
In this correspondence, we have proposed an adaptive backstepping design procedure for systems with unknown high-frequency gain. The two proposed design schemes make use of the Nussbaum gains to relax the requirement on the sign of high-frequency gain. One scheme is to add an auxiliary signal to the system output tracking error, and the other is to properly augment the regressor that is used for parameter estimation into the first step of backstepping design. It is shown that the controllers obtained by both schemes can ensure that the output of the system asymptotically tracks a given signal and all of the signals in the adaptive control system remain bounded. Comparing these two schemes, the second one can yield adaptive controllers of lower order, but the regressor used for parameter estimation is somehow more complex than that in the first scheme.
